International Conference of Physics (2016)




Variational Principle in Class. Mech.

OPTIMIZATION

d
1(x) = j d{ ();it)j —V(x (t))} mmmmmm)  Newton equation



Variational Principle in Quan. Mech.

OPTIMIZATION

(g, ¢) = I\ZF d*x ¢"[ino, —H|¢ mmmsss)  Schrodinger equation

« Variation of WF, not trajectory
Note that

c 1(p,¢) 2T -V



Path Integral Approach

a\b _”[DX] eXp(Il ) mmmm) All paths contribute!




Quantum path still satisfies
the law of optimization.

For this, we need to extend the formulation of
the variational method.






Punip cruises

Optimized path ?




Optimized path ?




Optimized path !




—— We cannot follow

the optimized path!!

: 1. Zig-zag by fluctuation
2. Each times, different paths



Optimal C

_—

Effect of variables
which we cannot
control.

(X )—j dt[ (d);it)j -V (x (t))} memmmm) Newton 2quation



/{Yasugg/_l. Funct. Anal. 41 327{198t)—__ /

Nelson, Quantum Fluctuations (Princeton, NJ: Princeton University Press, 1985)
* Guerra&Morato, Phys. Rev. D27 1774 (1983)
* Pavon, J. Math. Phys. 36 6774 (1995)
» Nagasawa, Stochastic Process in Quantum Physics (Bassel:Birkhaeuser, 2000)
* Cresson and Darses , J. Math. Phys. 48 072703 (2007)
* Holm, arXiv:1410.8311 [math-ph]
* Chen,Cruzeiro&Ratiu, arXiv:1506.05024 [math-ph]

Stochastic Variational method

is one approach to calculate optimization
including such a fluctuation.



'Formulation of SVM
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Definition of velocity!

5 Important steps
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/ Velociot

f =r(t+dt)—r(t)

‘ = udt

Zig-zag motion ?




molecure —_

Brownian —
particle

-zag in Brownian motion




~Zig-zag in Brownian motion
molecure \\. I .‘ . .A}. o
e

Brownian —
particle “ s
o

dr(t) =/2v - dW (t)




~Zig-zag in Brownian motion

® ®
molecure - . I - . : .
e [ ] P = [ }
[ )
Brownian — ¢« & Y
particle ; “ % - ~ : Noise

/ Intensity
dr (t) =/2v - dW (t)
Gaussian white noise /

(Wiener process)

E[dW]=0 E[(dW,)?] = dt

Direction is random Mean magnitude is /dt
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W\ e :

/ Velociot

f =r(t+dt)—r(t)

‘ = udt

Zig-zag motion ?




CLASSICALTRAJECTORY

/ :
Velocioty
dr (t) = F(t +dt) — F (t)
s
STOCHASTIC TRAJECTORY

>O

E[dW]=0 E[(dW,)*]=dt
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- T(t+dt) T ()

dt—0+ dt

o P+ d) - (Y

dt—0- dt



~ Bernstein Process
=

Forward stochastic differential equation (dt = O) =.

\df(t) =U(F (1), )dt+v2v -dW(t) E|[(@dW,(1))* |= dL

We employ the variational procedure to determine
these unknown functions.



~ Bernstein Process
=

Forward stochastic differential equation (dt = O) —

r(t)=U(r(t) t)dt++/2v-dW(t) E| (dW(t))* |=

d
.
/

Backward stochastic differential equation (dt < O)

\dF(t)=ﬁ(F(t),t)dt+@-dV§(t) E| (dW,(1)* | = —dt

We employ the variational procedure to determine
these unknown functions.



" Consistency Condition

Probability density p(X,t) = E[S(X—F(t))]

The Fokker-Plank equation (forward)

.. N

O p=-V(U-W)p —w

The Fokker-Plank equation (backward)

-“‘

8tp:—V(u:+vV)p %—

2

These two should be equivalent

||_ [ U=0+ ZVV In yo ] Also related to Bayesian statistics

Caticha, JPA44, 225303('11)




Time Drivative Operations

2

Because of the two different definitions of velocities,
we can introduce the two different time derivatives.

(Nelson)

- dry . _FAR
Mean forward derivative Dr| = lim — |=U0 =

dt—0+ Ct
e : 0 ““_
Mean backward derivative DI (E lIm —j %
dt—0- C

See, Koide, Kodama&Tsushima, JP Conf. 626, 012055 ('15)



Zheng&Meyer, S'eminarie de Probabilit'es XVIll, Lecture Notes in Mathematics Vol '
1059, P223, (Springer-Verlag, Berw
" Partial Integration Formula

CLASSICAL
j dt =[X (b)Y (b) - X (a)Y (a)] - j dtX - ‘i;
STOCHASTIC 1

a [ dtE[(DX)-Y]
= E[X (b)Y (b) - X (a)Y (a)]—j:’ dtE| X - (DY) |

See, Koide, Kodama&Tsushima, JP Conf. 626, 012055 ('15)




_ to Formula

This is a kind of Tayler expansion for stochastic variables.

dr = Gdt
Taylor
df (F(t),t) =dt[o, +u- V] f (F(t),t)+O(dt?)

a dr = Gdt +~/2vdW

Ito

df (F(t),t) =dt| 8, +u-V+W* | f(r(t),t)+2vVf -dw
+O(dt?)
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Let’s apply!!

SR
o,

U/.

"Alea iacta est”




~_-Stochastic RM

Classical action _jdt[ (dr(t)j —V(f(’[))}

We consider 3)

v

Stochastic action

For example

=
dt

— 9% DED

jz

3)

1) Dr-DF

—

Df -Dr + Df - DF

=
=

_|_
2

~N

L, =zthB‘ (Dr)zg(ﬁr)z v (r)}

J




~_-Stochastic VM

F >F+5F  oF(a)=0Fb)=0

5? dtg E[(DF)- (DF)] = mith [(DF)-(DST)]
— m?th[u.(D(sr)]

= —mi dtE [[’Su-ar]

[ Ito formula DG (F,t) = lim du(r.t)

dt—0_ dt

=((’9t +6-V—VA)U ]




~ Variation of Actio

51 =0 = [ (8t+Um-V)Um—2v2V(,01’2V2\/;)=—%VV(F)]




/ iation of Actio




/ iation of Action

51 =0 = [ (8t+Um-V)Um—2v2V(,01’2V2\/;)=—%VV(F)]

7

0 =(0+0)/2

2|

(6, +10,-V) when v =0 =) The Newton efjuation

g FO.0 =L (rm)
dt m



~ Variation of Actio

51 =0 = [ (8t+Um-V)Um—2v2V(,01’2V2\/;)=—%VV(F)]

= 7

0 =(0+0)/2

(5t -I—Um -V) = when V7/({— The Newton

/ d 1
=0 (T
dt m

The dynamics of p is given by the FP equation.
o p=-V(Ui-W)p=-V(pl,)

d :
— eguation
dt
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inger Equation

_ Derivation of Schrd

Introduction of phase va=u_I(2v)

Eq. of : > - i :
variation at‘9+V(V‘9) V(P \% \/;)+ mVV 0



rivation of Schrodinger Equation

—

Introduction of phase va=u_I(2v)

Eq. of 2 b 1
vz?riation [ 8t'9+‘/(v‘9) _V(P UZVZ\/;)JFEVV =0

= i9
| Introduction of wave function Q= \/;e

| Yasue, JFA 41, 327 ('81)

1 o H°
i8t¢:{—vA+—V}gp £ >ih8tg0:{——A+V

2vm

The Schrédinger equation
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Optimization
In macro. scale

Optimization
In micro. scale

Newton equation ‘ Schrodinger equation
NOISE

GLASSES




_ Canonical Quantization an

optimization daL oL -0

——> dtor or

LEGENDREHRANSFORM
f={r,H }P

optimization °
p - { P, H }PB

p=oL/or



/ nonical Quantization an

optimization daoL oL -0

——> dtor or

LEGENDREHQANSFQRM canonical quantization
i ={r, H}

e 2 PB
optimization —)l[f,I-AI]
—> i
P :{p’ H}PB

p=0oL/or —>%[|5,I-AI]



>

/ nonical Quantization an

SVM
optimization doL oL
——> Jf dtor or
D oL @L
G(Dr) o(Dr) or
LEGENDREHQANSFQRM canonical quantization
t={r,H}

. . . PB
optimization —)l[f,I-AI]
—> .
' - p:{p;H}PB

p=0L/aor —%[fm]



- Noether Theorem




‘ Misawa, J. Math. Phys. 29 2 éé)
_Invariance for ation

F(t) comm— F(t)—i—:&
= t ~
= -] th L(F+A,DrF,Dr) |- | dtE[ L(¥, DF, D) |

- .fdt—E Mor+ 2o | A
Jt dt ?



Misawa, J. Math. Phys. 29 2 88)

_Invariance for | ation

F(t) ) T(t)+A

If the action is invariant for the spatial translation,

conserved momentum operator!

/

g E[ DF +BF | = [d° ¢ (%, )(-i70, (%, 1)

Comment : we do not need the normal ordering product. Koide&Kodama, PTEP 093A03 (‘15)



Many particle systems
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Positions and velocities Mass density and

of all particles velocity of fluid
clagsipal l l SVM cla§sif:al l l SVM
variation variation
N-body Ideal fluid eq.
Newton’s eq. (Euler)

Loffredo&Morato, JPA40,8709(°'07), Koide, PLA379,2007( 15)




- Classical Many-Body Dynamics
o 2t o dfﬁ

(eSS EE S B

Positions and velocities Mass density and

of all particles velocity of fluid
cla§sipal l l SVM cla§sif:al l l SVM
variation variation
N-body N-body ldeal fluid eq. Gross
Newton’'s eq. Scrodinger eq. (Euler) -Ptaevskii eq.

Loffredo&Morato, JPA40,8709(°'07), Koide, PLA379,2007( 15)




®* SVM is a useful method of for quantization of non-
relativistic particles and bosonic fileds.

®* SVM is applicable as a method for coase-grainings of
micro. dynamics (Navier-Stokes-Fourier, Gross-Pitaevskii).

® The stochastic Noether theorem

® The uncertainty relations

® Quantum-Classical hybrids



stochasic field

Noether theorem * %7
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,l dissipati—ve systems
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fermion field /I

brachistochrone curve %
7 anomaly
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Pedagogical introduction,

Koide et. al.,
J. Phys. Conf. 626, 012055 ("15)

Tth International Workshop DICE201 4 Spacetime — Matter — Quantum Mechanics 10P Publishing
Journal of Physics: Conference Senes 626 (2015) 012055 don: 1008/ T42-6506/626/ 10012055

Unified description of classical and quantum
behaviours in a variational principle

Tomoi Koide!, Takeshi Kodama! and Kazuo Tsushima®

Mnstituto de Fisica, Universidade Federal do Rio de Janeiro, CP. GBS2E, 21941-972, Rio de
Janeiro, Brazil

?International Institute of Physics, Federal University of Rio Grande do Norte, Natal
59073-400, RN, Brazil

E-mail: tomoikoidedgnail . com, kodams.takeshidgmail.com, kazns.tsushimadgmail  com

Abstract. We give a pedagogical introduction of the stochastic variational method and show
that this generalized variational principle describes classical and quantum mechanics in & unifled
way.

1. Introduction

Variational approach conceptually plavs a fundamental role in elucidating the structure of
classical mechanics, clarifying the origin of dynamics and the relation between symmetries and
conservation laws. In classical mechanics, the optimized function is characterized by Lagrangian,
defined as T — V with T and V' being a kinetic and & potential terms, respectively.

We can still argue the variational principle in quantum mechanics, but the Lagrangian does
not have any more the form of T — V), instead it is given by o*(ihd, — H)¢, where H is
& Hamiltonian operator and ¢ is & wave function. Therefore, at first glance, any clear or
direct correspondence botween classical and quantum mechanics does not seem to exist in the
variational point of view, but it does exist. If we extend the idea of the variation to stochastic
variable, the variational principle describes classical and quantum behaviors in & unified way.

This method is called stochastic variational method (SVM) and firstly proposed by Yasue
[1. 2, 3, 4, §] s0 &5 to reformulate Nelson's stochastic quantization [6, 7]. This framework is,
however, based on special techniques attributed to stochastic caleulus which is not familiar to
physicists. In this paper, we give a pedagogical introduction of SVM in a self-contained manner,
showing the unified description of classical and quantum mechanics. As another review, see, for
example, Ref. [8].













Many particle systems
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~Classical Many-Body Dynamics

_
wa * b

coase-graininges
<J

N—_ b
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Positions and velocities Mass density and
of all particles velocity of fluid




~Classical Many-Body Dynamics

__._._._.._;

Positions and velocities Mass density and
of all particles velocity of fluid
classical classical
variation variation
N-body Ideal fluid eq.

Newton’s eq. (Euler)
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N

mics

(eSS EE S B

Positions and velocities Mass density and

of all particles velocity of fluid
cla§sipal l l SVM cla§sif:al l l SVM
variation variation
N-body N-body Ideal fluid eq. 2
Newton’'s eq. Scrodinger eq. (Euler)

Loffredo&Morato, JPA40,8709(°'07), Koide, PLA379,2007( 15)
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—Action of (ideal) fluid

I(pM,\7)=J:F dtj‘d3x{'0“" (Zi’t) V' (X, 1) =& (pw )}

]

Internal energy density

Classical variation



_Classical variatior
—Action of (ideal) fluid Fluid velocity

I(pM,\7)=J:F dtj‘d3x{'0“" (2>‘<’,t) V' (X, 1) =& (pw )}

- ]

Mass density Internal energy density

Classical variation



_ Classical va
—Action of (ideal) fluid Fluid velocity

I(pM,\7)=J:F dtj‘d3x{'0“" (2>‘<’,t) V' (X, 1) =& (pw )}

- ]

Mass density Internal energy density

Classical variation

Euler equation
r 7N

1 d g
0. +V-V)V=——"-VP P=-
( L ) Jo d(]-/pM)[pM)

\ / /
Pressure

[TdS:dE—PdV >P=(dE/dV)SJ

adiabatic(dS=0)




%ﬁﬁcatioW

/ Applying SVM to the same action of (ideal) fluid,

Noise intensity Koide&Kodama, JPA45, 255204 (*12)
Jes
5 / ]‘ d < = N9 = 2— Um
0.0 = VA+— ) E
_ 2v dpy _ o=/ pe”

When we choose

£ h D

_ 2 L
o VO o
oM £lpw) =V () 2°[|\/|]

? - )

guantum fluctuation external force two-body interaction

=




Koide&Kodama, JPA45, 255204 (*12)

ih@t§0= _WA_I_V +UO‘(D‘2 » Gross-Pitaevskii

equation

BEC Nucleation



Dissipative Dynamics




~_-Stochastic RM

Classical action _jdt[ (dr(t)j —V(f(’[))}

We consider 3)

v

Stochastic action

For example

=
dt

— 9% DED

jz

3)

1) Dr-DF

—

Df -Dr + Df - DF

=
=

_|_
2

~N

L, =zthB‘ (Dr)zg(ﬁr)z v (r)}

J




Koide, JP Conf. 410, 012025 ("13)

Replacement of kinetic terms

The general expression of (dF(F?,t)/dt)2 is given by

A(DFY’ +B(DF) +C (DF)(DF)

For noise=0, the classical kinetic term should be reproduced.

/ — 2
(dF(R,t)/dt) =

(%+a2j{(%+alj(DF)2+(%—alj(ljf)z}+(%—azj(DF)(ljf) )

The calculation so far corresponds to (¢,a,)=(0,1/2) |



Koide, JP Conf. 410, 012025 ("13)

Replacement of kinetic terms

The general expression of (dF(F?,t)/dt)2 is given by

A(DFY’ +B(DF) +C (DF)(DF)

For noise=0, the classical kinetic term should be reproduced.

o : ™
(dF(R,t)/dt) =

(%+a2j{(%+alj(DF)2+(%—alj(ljf)z}Jr(%—azj(DF)(ljf) )

The calculation so far corresponds to (¢,a,)=(0,1/2) |

If 2, Is not zero, the time-reversal sym. is violated (NSF eq.).



Another Explanation




Forward

>

Direction of time




backward

>

Direction of time




>

Direction of time
See also the Bernstein process.



Quantum-Classical hybrids



Zurek, Physics Today 44, 36 ('91)
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Delineating the bordg

Petween the quantum realm ruled by the Schradinger equation and the classical realm
ruled by Newton'’s

¥s is one of the unresolved problems of physics. Figure 1

Near the boundary, we can expect a coexistence
of Class. and Quan. degrees of freedom.



/ %
Quantum measurement

*Quantum-to-classical transition in early universe
Einstein gravity interacting with quantum objects

Simplification of complex simulation of qguantum chemistry

Models of quantum-classical hybrids should satisfy,
Energy conservation
Positivity of probability

Newton equation + Schrodinger
equation in no int. V=0.

Most of proposed models cannot satisfy these conditions.




Quantum Two Particles Lagrangian

M (DF.)? +(DF )? D )2+ (DF )’
|\;|( . £(br) +r;( ) 2( ) T

S h
drq :vdt+‘/—dW
M Stochastic variables

dr; =Udt+\/EdVV'
m




'M_(DF)2+(DF)2 m, (DF)2+(DE)?
L:E C ( TC) ( C) = - ( hq) ( q) _V(rc’rq
2 2 2 2
Classical variable Stochastic variable
I =V.dt quu’dt+\/EdVV
m




SR

—— Classical Variation

d n o 1 Lo
(dterv (I, X, 1) -V j (rc,xq,t):—MVCV(rC,xq)

t
[ (%o 1) = %o + [ d5 Y, (F.(%,,5), %,.,5)
tO

Stochastic Variation

d h* M _,
Ihd (Dq(c’ q’) |:__mA +V(I, q)_7v (I, q’t):|(0q( 1)

@, (1L, %, 1) = \/p(Xq,t)ehS*( %g.t)

\_ J

Koide, PLA379 2007 (2015)




“Itwas confirmed =

Bk

O.K.

G

O.K.

Check list by Caro, Didsi, Elze et al.

Energy conservation <= Stochastic Noether theorem

Positivity of probability

Newton equation + Schrodinger equation in no int. V=0.

Generalized Ehrenfest theorem

Other successful models,

*Hall&Reginatto, PRA72, 062109 ('05)

*Elze, PRA85, 052109 ("12);Lampo et al.,, PRA90, 042120 ('14),
Radonji et al., PRA85, 064101 ("12)
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Non conventional

formulations




Hydrodynamic
Representation

consistent

Nelson-Newton
Equation

Stochastic

¥ | Quantization

-‘ amki AdS/CFT ?

Micro-canonical | |Chaotic
Quantization Quantization
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*Nelson’s Stochastic Quantization

SVM is the reformulation of Nelson’s approach
In the framework of a variational principle.

In the original Nelson’s approach, quantization indicates
=

=

Nelson-Newton equation

REPLACE

d?x DDx + DDx
m—— = —0 .V (X m =—0,V (X
5 5 ) : V(X)
\__ o




\/

/Iﬁn’s Stochastic Quantization

SVM is the reformulation of Nelson’s approach
In the framework of a variational principle.

In the original Nelson’s approach, quantization indicates
=

=

Nelson-Newton equation

REPLACE =
d?x DDx + DDx

Mm— =—-0.V (X m — —0 V(X
5 5 ) : V(X)

" B

In SVM, this is obtained by the optimization of action.



Svaiter, Menezes, Alcalde, TOpicos em teoria quantica dos campos
~Parisi-Wu’s Stochastic Quan.(I)

Damgaard&Hueffel, PR. 152, 227 ('87)
Krein et al., IMP A29, 1450030 ("14)

Wick rotation S[g] —— Scl4]
4 D 4+1 D
Intro. of a virtual time P(XE) — o(XE,7)

We consider the stochastic motion in this virtual time,

SDE do(xE,7) =— 52(3;?3_) dr+ \/EdW (X£,7)
E> \
N

Wiener Process



“Parisi-Wu'’s Stochastic Qua.(ll)

For the free case, s.is1- [a*edte, 0k +m] §kt. 0

we can solve the SDE as

> +m? +m? |(z=s <
fike.r)=e 4Gz, 0+ j dsyf2e 12070 TLLE.S)
Propagator N
G(kt,pt) = lim E|p(ké,0)g(p¢ )]
1
=(27)* 6 (k¥ - pt) <+




lust accli

FERMION is a biggest open question!

As a pedagogical review, Koide, Kodama&Tsushima, JP Conf. 626, 012055 ("15)
http://iopscience.iop.org/1742-6596/626/1



