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1. Introduction

High-contrast layered structures
* photovoltaic panels * Jaminated glass
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Introduction

Sandwich structures Soft robots
* (Classical sandwich plate Rus & Tolley, 2015. Design, fabrication and control of soft robots. Nature, 521(7553), 467.
Face skin (blue)

Stokes et al. A hybrid combining hard and soft robots. Soft Robotics 1.1 (2014): 70-74

Face skin (blue)

* Foam insulation panels




2. Low-frequency vibrations of multi-component high-contrast elastic rods

J. Kaplunov et al., to appear
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Small parameters > asymptotic methods

Physical intuition:
Strong components (free ends) - almost rigid body motions
Weak components (fixed b.c.) - almost homogeneous deformations



Toy problem: three-component rod (antisymmetric)
J. Kaplunov et al. J. Sound Vib. 366 (2016): 264-276
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Equations of motion

d?u .
Ed2+p;wu_0 i=1.2.
Free ends
UIl:l:(hl—I—hg) — 0

Continuity conditions

U|4(hy+0) = U|x(h—0); Exuly(h+0) = E1u|i(pn—o)-



Frequency equation

Scaling

E—E1 _mnoo__a hi

and

Frequency equation

E
tan A1 tan \» = —.
C

Low-frequency analysis in view of contrast:
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o Global low-frequency behaviour (\; < 1, i =1,2)

o Local low-frequency behaviour (A\; < 1, A\x 2 1.

i # k)



Global low-frequency behaviour

Conditions on material parameters
ML, ookl =

E<h<pt

Approximate frequency equation

E
/\1/\2 = — —
C

E
M= VEp, do=4/7



Global low-frequency behaviour

Approximate polynomial eigenform 1.5 . ! . | |
1, > 1
U :{ | 1




Local low-frequency behaviour

May occur for core or outer sections.

Approximate displacement profiles
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Multi-component high-contrast elastic rods E—==== B ¢

E L E
Problem parameters g=—%2<<1, p~p, U=2L ="
El Ii pm
. . . X a)l -1 et - P
Dimensionless scaling X, =|—', Q, =—%, b <X, <b+1, b=I7>1, i=Ln m=12
i Cm k=0
. . d’u.
Equations of motion v +Q7u; =0,
Boundary conditions au, _ A, =0,
Xm X;=0 an X o =by +1
L du. i du
Continuity u;| =, —L =g,
HIXi=bi+ ARIDWES W I+1
" : " dXI Xi=h;+1 dxi+l Xi1=biy

(j=1 or -1 fori™ component being stiff or soft, respectively)
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Multi-component high-contrast elastic rods —E—e==

Asymptotic expansions U =U,+&u, +..,

Global low-frequency regime QP ~g, Q= g( Q2+ Q% +... )

* Leading order problem d’u, 0 du,,
for stiff components dx;  dX

_ duj
dXx.

Xi=bi I

!

( almost rigid body motion ) u, =C. = const
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Multi-component high-contrast elastic rods —E—=== e e e

* Leading order problem for soft components

d?u,
dX 2

=0, Uy, =Ciy Y

!

U =Cy +(Ciu —Ciy) (X, —by).

Xi:bi+1 o

( almost homogeneous deformation )

i+1"

1(n—Q



Multi-component high-contrast elastic rods

From solvability of next order for stiff components

~ C
Q) = L12£1—C—3j,
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Example: Five-component rod (free ends)

Bicubic frequency equation

Qfo + aiﬂfo + azglzo =0 — leo - kl—lz’

Approximate polynomial eigenform

Ui = 1

Uan = 1 — f{(‘){z — bg)_._

WUzpn = 1 —JF{_._

LAL3K(1 — k)

=1—k - Xy — by),
Ua0 T 1—L§1L'“1‘F; (X4 1),
1 -k
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"1 LiL%k




Antiplane motion of concentric circular cylinders

Hy | J 2 Hn

=1 <<, ~p,, U=2 =S m=12
Problem “ PP ] o
parameters | .
Ri=-, @ =24, b<R<b+l, b=1"Y1, i=1n
| o =
. . d®u, du,
Equations of motion R —F+—-+RQ/u, =0.
dR° dR,
Boundary conditions Uplg p =Unlg p 1 = 0.
du, i du.
Continuity ui|R_:b_+1=ui+1 S — gl i
i—™i i+17Mi+l de Ri:bi+1 dRi+1 Ri+1:bi+1

(j=1 or -1 fori"™ component being stiff or soft, respectively)



Antiplane motion of concentric circular cylinders

Summary of the approach

* Global low-frequency perturbation

!

* Rigid body motions of stiffer components
(at leading order)

!

« Leading order solution for softer components,
involving logarithmic functions

!

« Solvability of the next order problem
for stiffer components

©

Polynomial equation for frequency

-



Example: Three-layered cylinder

Frequency
ﬂz 2 {51 + 53) B 1
07 21 In (1+0;7")
Eigenform
R
Uin = 51 In (E}‘_l) y
1
Ugp = 1,
bs + 1
Uzp = 53 In ( 3R+ )
3
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Example: Five-layered cylinder

Frequency
Eigenform
R
Uip = (51 In (b—ll),
ugo = 1,
B R; Rs
o= 52 o ()}
Uao = k, ”

bs +1
uﬁ[]:kfiﬁln( 5+ )

2 _
ﬂ?ﬂ_

2bo +

1

(01 + (1 = k)ds)

( two roots for k )




Low-frequency vibrations of high-contrast three-layered plates (antisymmetric)

Preliminary remarks

* Rayleigh-Lamb dispersion
relation for a single-layered plate

sinh o , sinh (3
~4 cosh 8 — 3°K? cosha——= = 0.
Qv | 15}
2K 202 R K22 2o K2_ }Qz I
] . o 27 T g
wh

K=kh Q=22

O Low-frequency (Q < 1)
At the leading order Q0° ~ K*

| (D
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w
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NO CHANCE OF TWO-MODE APPROXIMATIONS!

High-frequency approximations near cut-off frequencies {2, ~ 1

(182 =] < 1)

At the leading order K2 ~ Q% — Q?




Composite (non-uniformly asymptotic) plate theories

Originate from Timoshenko-Reissner-Mindlin ad hoc theories.

low-frequency

AW
D,

a

2 2
Je — W+ B0

d’ W
d&?

high-frequency

+ CQ'W =0,

"

Contributions for composite plate and shells theories

V.L. Berdichevsky. Variational principles of continuum mechanics: |. Fundamentals. Springer Science and Business
Media, 2009

K.C. Le. Vibrations of shells and rods. Springer Science and Business Media, 2012

I.V. Andrianov, J. Awrejcewicz, L.l. Manevitch. Asymptotical mechanics of thin-walled structures. Springer Science
and Business Media, 2013



Low-frequency vibrations of high-contrast three-layered plates

Kaplunov et al. Int. J. Solids Struct. 113 (2017): 169-179
Statement of the problem

Equations of motion

gjij = pt;, 1 =1,2 for layers | and Il

Boundary and continuity conditions

IT
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O1p = 013, Opp =0pp and Uy =uy, U= Uy
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at xo = hy




Dispersion relation

Ustinov, Doklady Physics (1976); Lee, Chang, Journal of Elasticity (1979)

4K?h*aoBaFy [F1F2Cs,Sa, — 2a11(2 — 1)F3Ca, Sp,] +
haz32Ca, Cs, [4a1B1K? (h*F5 + F4?(s — 1)?) Ca, Sz, —
(AK*h*F5 + Fa®F{) Say Cay | +
Cs,S0,202(35 — K2h?) (35 — K?) [4a381K?h*Sa, Sp, — Fa*a1 Ca, Cay |
Car Spe02(B3 — K2h?)(BF — K?) [4a185K*h? Cay Ca, — Fa? 3150, S5, ] +
h*Sa,Sp, [(405B5K2Ff + K*Fa*F3) Ca,Sa,—
a1 (16a353(c — 1)°K* + Fa®F3) Cay Sp,| = 0

_I_

whi

C% ] K — khl C-‘_’Ej: Cﬁjg S{},‘jﬁ 583_; - hyperbOHC funCtiDnS

Fi, i=1.4 aj,3j. Jj=1.2 - functions of 2 and K. £

) =

_
12



Dispersion curves
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NEED OF TWO-MODE MODELS!
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1D eigenvalue problem for shear cut-off

0

— =20 ur» =0
3)(1 j 2

Flexural motion

Frequency equation

tan(2) tan (\/3'1 Q) = \er

Condition for a first shear cut-off frequency to be small

r< h< et

Frequency Q2 ~

r

h



Some three-layered structures satisfying the condition r < h < ™"

A) Photovoltaic panels B) Laminated glass C) Sandwich structure

g<<1l, h~1, p~¢ e<<l, h~g™ p~1 g<<l, h~g, p~¢&°

(stiff skin layers and light core layer ) (stiff skin layers and light thin core layer) (stiff thin skin layers and light core layer )

UNEXPECTEDLY LOW FIRST SHEAR CUT-OFF FREQUENCIES!



Long-wave low-frequency asymptotic approximation of the dispersion relation

For K< 1land Q<1

Q% + 72 K* +713K%Q% + 1K® + 15Q" + 6 K*Q7 + 17K+
18 K2Q* + 9 K?Q° +410Q° + ... = 0

Multi-parametric analysis

cgl, h~e? r~eP

Expanding coefficients
Yi —* G,'EC



0.5

Low-frequency dispersion behaviour

A) Photovoltaic panels ek 1,
(stiff skin layers and light core layer )

h~1. r~

ca:001, h=1.0, r =0.03

017 ﬂ

(ny

SBREIIRZIIZIL
SEBEZBEZEIKX:
Retain leading order terms for both:

(i) fundamental mode (Q ~ K?)
(i) shear mode cut-off (Qg ~ /%)

UNIFORM TWO-MODE APPROXIMATIONS

Gl&?Qz + GQEK4—|—
63K292 —+ G4K6 + G5Q4 =0



Local approximations

Three local approximations

=001, h=1.0, r=10.03
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In the vicinity of zero frequency
G+ GK*=0, 0<K<Vz, Q<=
At higher frequencies, including the vicinity of shear cut-off

G+ GK =0, Vg K<l cxQxl1

1

045 |-

£2:0.01, h=1.0, r =003

1
] 07

Q

CLASSICAL KIRCHHOFF-TYPE THEORY IS NOT APPLICABLE!




Uniform approximation for the fundamental mode

Taking both local approximations we derive a uniform one:

G120 + GocK* + G3K2Q2% + GouK® = 0

045 045 -

g7 001, h=1.0, r=0.03

£s:0.01, h=1.0, r=0.03

1
0 0.17
Q

Also valid in the transition region 2 ~ . K ~ /=




Near shear cut-off approximation

For Q ~ /e, K<K1
Gic + G3K? + GsQ? =0

0.45

=== 0.01, h = 1.0, r =0.03

0 0a7

2




Low-frequency dispersion behaviour J. Kaplunov et al. Proc. Eng. 199 (2017): 1489-1494

B) Laminated glass g<<l, h~&™ p~1
(stiff skin layers and light light core layer )

0035

004 -

UNIFORM TWO-MODE APPROXIMATIONS
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Low-frequency dispersion behaviour

C) Sandwich structure ckl, h~e re~g?

(stiff thin skin layers and light core layer)

COMPOSITE APPROXIMATIONS
G1eQ% + Gye?K?

L K202 ((;3 n I’;—“cg) LG4 =0
0




Local approximations

G)

=

T

A
R\ ' /,J =001, h= 001, r=0.0002 £#:0.01, h=0.01, r=0.0002

NO OVERLAP REGION!

Fundamental mode Shear mode

2 14
G1Q* + GreK* =0, Gie + GaeK? + GsQ? + GgK2Q? =0,

~ -’:2 ) L
K<l Q~VeKm< Ve 2 K<l, Qe



In progress

 Asymptotic models for strongly inhomogeneous plates

IRRRRRRRRRRE
Gieup + Goe AU + G3Auyy
SRRRERERRERE

uniformly asymptotic — G4APu+ Gt =0

G]_EUH; —|— GQEZ&QU —|— G5UT_TTIT_T

—|_'E (G3 —|_ EGS) &Uﬂ' — D
ho

composite

 Boundary conditions

« Extension to layered shells



Concluding remarks

v" Multi-component high-contrast elastic structures require specialised theory

v" High contrast may lead to unexpectedly low natural frequencies

v Stronger components subject to Neumann conditions, perform almost rigid body motions

v" Two-mode theories for long-wave low-frequency motion of layered plates can be
asymptotically uniform or composite



