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1. Introduction

High-contrast layered structures
• photovoltaic panels • laminated glass

www.dupont.com www.gscglass.com



Introduction
Sandwich structures

• Foam insulation panels

Rus & Tolley, 2015. Design, fabrication and control of soft robots. Nature, 521(7553), 467.

Soft robots
• Classical sandwich plate

Stokes et al. A hybrid combining hard and soft robots. Soft Robotics 1.1 (2014): 70-74



2. Low-frequency vibrations of multi-component high-contrast elastic rods

Contrast in
• Stiffness

• Density

• Length

Small parameters  asymptotic methods

Physical intuition:

Strong components (free ends) - almost rigid body motions

Weak components (fixed b.c.) - almost homogeneous deformations
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J. Kaplunov et al., to appear



Toy problem:  three-component rod  (antisymmetric)

J. Kaplunov et al. J. Sound Vib. 366 (2016): 264-276
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Multi-component high-contrast elastic rods
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Equations of motion

Boundary conditions

Problem parameters
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Dimensionless scaling
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Multi-component high-contrast elastic rods

• Leading order problem 

for stiff components

Asymptotic expansions

Global low-frequency regime  . ...       ,~ 2
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Multi-component high-contrast elastic rods

• Leading order problem for soft components
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Multi-component high-contrast elastic rods

From solvability of next order for stiff components
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Polynomial equation for frequency!
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Example: Five-component rod   (free ends)

Bicubic frequency equation
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Antiplane motion of concentric circular cylinders
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Boundary conditions

Problem 

parameters
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Antiplane motion of concentric circular cylinders

Summary of the approach

• Global low-frequency perturbation  

• Rigid body motions of stiffer components 

(at leading order)

• Leading order solution for softer components, 
involving logarithmic functions 

• Solvability of the next order problem 

for stiffer components
Polynomial equation for frequency



Example: Three-layered cylinder

Frequency 

Eigenform



Example: Five-layered cylinder

( two roots for k )Frequency

Eigenform



Low-frequency vibrations of high-contrast three-layered plates (antisymmetric)

Preliminary remarks

• Rayleigh-Lamb dispersion 
relation for a single-layered plate

NO CHANCE OF TWO-MODE APPROXIMATIONS!





Low-frequency vibrations of high-contrast three-layered plates

Kaplunov et al. Int. J. Solids Struct. 113 (2017): 169-179





NEED OF TWO-MODE MODELS!

No contrast

Effect of contrast



Frequency equation

Frequency



Some three-layered structures satisfying the condition

A) Photovoltaic panels B) Laminated glass

 ~   1,~  ,1 h 1~   ,~  ,1 -1/4  h

C) Sandwich structure

2~   ,~  ,1  h

(stiff skin layers and light core layer ) (stiff skin layers and light thin core layer ) (stiff thin skin layers and light core layer )

UNEXPECTEDLY LOW FIRST SHEAR CUT-OFF FREQUENCIES!





Low-frequency dispersion behaviour

A) Photovoltaic panels
(stiff skin layers and light core layer )

UNIFORM TWO-MODE APPROXIMATIONS





CLASSICAL KIRCHHOFF-TYPE THEORY IS NOT APPLICABLE!







Low-frequency dispersion behaviour

UNIFORM TWO-MODE APPROXIMATIONS

B) Laminated glass

(stiff skin layers and light light core layer )

J. Kaplunov et al. Proc. Eng. 199 (2017): 1489-1494

1~   ,~  ,1 -1/4  h



Low-frequency dispersion behaviour

COMPOSITE APPROXIMATIONS

C) Sandwich structure

(stiff thin skin layers and light core layer )



NO  OVERLAP  REGION!



In progress

• Asymptotic models for strongly inhomogeneous plates

• Boundary conditions

• Extension to layered shells



Concluding remarks

 Multi-component high-contrast elastic structures require specialised theory

 High contrast may lead to unexpectedly low natural frequencies

 Stronger components subject to Neumann conditions, perform almost rigid body motions

 Two-mode theories for long-wave low-frequency motion of layered plates can be 

asymptotically uniform or composite


